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Abstract

The aim of this paper is to introduce and study totally closed functions in
topological spaces. Some weak and strong forms of this kind of functions
are introduced and studied. Several results and properties are investigated
and proven.
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1. Introduction

N. Levine [8] in 1963 introduced the concept of semi-open sets, he defined
a subset A of a topological space X to be semi-open if there exists an open
set U in X such that U € A@ < U. The complement of a semi-open set is
semi-closed. He also introduced the concept of semi-continuous functions.
Biswas [2] defined and studied the notion of semi-open functions.
Irresolute functions and semi-homeomorphisms were introduced and
investigated by Crossly and Hildebrand [5]. Nour [11] defined totally semi-
continuous functions. Benchalli and Neeli in [1] introduced and studied
semi-totally continuous and semi-totally open functions. Pre semi-closed
mapping concept was introduced by Garg and Shivaraj in [7].

The purpose of this paper is to introduce and investigate new types of
closed functions; we define totally closed functions and define weak and
strong forms of this type of functions. We prove some results in this
connection.

2. Preliminaries
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Definition 1. Let X and Y be topological spaces. A function f: X — Y'is
said to be:

1) semi-continuous [8] if the inverse image of each open subset of Y is
semi-open in X.

2) semi-open [2] if £(U) is semi- open in Y for each open set U in X.
3) semi-closed [3] if f(U) is semi- closed in Y for each closed set U in X.

4) totally semi-continuous [11] if the inverse image of every open subset of
Y is semi- clopen in X .

5) pre semi-open [5] if the image of every semi-open set in X is semi-open
inY.

6) pre semi-closed [5] if the image of every semi-closed set in X is semi-
closed in Y.

7) semi-totally open [1] if the image of every semi-open set in X is clopen
in Y.

8) irresolute [5] if the inverse image of every semi- open set in Y is semi-
openin X.

Definition 2. [5] The semi-closure of a set A in X is the intersection of all
semi-closed sets that contains A; this set is denoted by A.

Definition 3. [5] The semi-interior of a set A in X is the union of all semi-
open sets of X contained in A; this set is denoted by A-.

Definition 4. A topological space X is said to be

1) semi-T,[9] if for each pair of distinct points in X, there exists a semi-
open set containing one point but not the other.

2) semi-T; [9] if for each pair of distinct points x and y of X, there exist
semi-open sets U and V suchthatx € U,y ¢ Uandx ¢ V,y € V.

3) semi-T, [9] if for each pair of distinct points x and y of X, there exist
semi-open sets U and V suchthatx € U,y € V andU NV = @.
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4) s-normal [10] if each pair of non-empty disjoint closed sets can be
separated by disjoint semi-open sets.

5) s-regular [9] if for each closed set F of X and each x ¢ F, there exist
disjoint semi-open sets U and VV suchthat F € Uandx € V.

3. Main Results

In this section, new types of totally closed functions are introduced. Also,
some relations between these types of functions are obtained. Several
results and properties are investigated and proven.

Definition 5. A function f : X — Y is said to be totally closed if the image
of every closed set in X is clopenin Y.

Definition 6. A function f : X — Y is said to be totally semi-closed if the
image of every closed set in X is semi-clopenin Y.

Definition 7. A function f : X — Y is said to be semi-totally closed if the
image of every semi-closed set in X is clopenin Y.

Definition 8. A function f : X — Y is said to be totally pre semi-closed if
the image of every semi-closed set in X is semi-clopenin Y.

Theorem 1. (1) Every semi-totally closed function is totally closed and
every totally closed function is totally semi-closed.

(2) Every semi-totally closed function is totally pre semi-closed and every
totally pre semi-closed function is totally semi-closed.

Proof. The proof of (1) and (2) follows directly from the fact that every
clopen set is also semi-clopen and every closed set is also semi-closed.

Observation 1. The converse of Theorem 1 is not true as shown by the
following examples.

Example 1. Let X ={1,2,3} and 7= {¢,X,{1},{3H{1,3}}. Let Y =
{1,2,3,4} and t* = {¢,Y,{1},{1,3},{3}}. The function f:(X,7) - (Y, 7%)
defined by f(1) =2,f(2) =1,f(3) =4 is totally semi-closed but not
totally pre semi-closed nor totally closed.
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Example 2. Let X ={123}, ={¢ X {2,3}} and
= {¢,X,{1},{1,3}, {3}}. Let f: (X,T) = (X,Tt*) be the function defined
by f(x) =x.f is a totally pre semi-closed function, but f is not semi-
totally closed because {1} is a semi-closed set in X and f({1}) is not clopen
in X.

Example 3. Let X = {1,2,3,4}and 7 = {¢, X, {1},{1,3}}. Let ¥ ={1,2,3}
and = {¢,Y,{1},{1,3},{3},{1,2}}. The function f:(X,7) - (Y,7%)

defined by f(1) = f(2) =1, f(3) = 3,f(4) = 2 is totally closed but not
semi- totally closed.

The following diagram illustrates the relation between the different forms
of totally closed functions and also other types of closed functions.

semi-fotally closed . totally pre semi-closed ——p  pre semi-closed —,  semi-closed

|

fofally closed ___  fofally semi-closed

Theorem 2. (1) The composition of two totally closed functions is totally
closed.

(2) The composition of two semi-totally closed functions is semi-totally
closed.

(3) The composition of two totally pre semi-closed functions is totally pre
semi-closed.

Proof. (1) Letf: X - Yandg: Y — Z be totally closed functions. Let
F be closed in X, then f(F) is clopen (and hence is closed) in Y since f is
totally closed. Hence, g(f(U)) = (ge° f)(U) is clopen in Z since g is
totally closed. The proof of (2) and (3) follows in the same way.

Observation 2. The composition of two totally semi-closed functions do
not need to be totally semi-closed as shown by:
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Example 4, Let X ={a,b,c},7={p,X,{b,c}} and
T ={¢,X,{a},{c},{a,c}}. Let Y ={a,b,cd} and
v ={¢,Y,{a},{a,c},{c}}. The function g:(X,7) - (X,7") defined by
g(x) = x is totally semi-closed. Also, the function f:(X,7") —» (Y,1%)
defined by f(a) =b,f(b) =a,f(c) =d is totally semi-closed. But the
composition f o g:(X,7) —» (Y,t*) is not a totally semi-closed function
because (f o g)({a}) = {b} and {b} is not semi-clopen in Y although {a} is
closed in X.

Similarly to Theorem 2, we can prove the following.
Theorem3. Letf: X - Yandg: Y — Z be functions then:

(1) if f is totally closed and g is semi-totally closed (resp. totally semi-
closed, totally pre semi-closed) then g o f is totally closed ( resp. totally
semi-closed, totally semi-closed).

(2) if f is semi-totally closed and g is totally closed (resp. totally semi-
closed, totally pre semi-closed) then go f is semi-totally closed (resp.
totally pre semi-closed, totally pre semi-closed).

(3) if f is totally semi-closed and g is semi-totally closed (resp. totally pre
semi-closed) then g o f is totally closed (resp. totally semi-closed).

(4) if f is totally pre semi-closed and g is semi-totally closed then g o f is
semi-totally closed.

The proof of the following theorem is obvious and hence omitted.

Theorem 4. If f: X — Y is totally closed (resp. totally semi-closed)
function and A is a closed subset of X, then the restriction function f|A :
A — Y isalso totally closed (resp. totally semi-closed).

Theorem 5. A function f: X — Y is totally closed (resp. totally pre
semi-closed) if and only if for all AcX, f(A) € f(4) and f(A) S

(F(D)" (resp. f(A) € f(4) and f(4) € (f(A))).
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Proof. Let f: X — Y be a totally closed function and A € X. Since
A <€ A,then f(A) € f(A). Since f(A) is clopen in Y then we have

FACSf@A = f(Aand f(A) € f(A) = (f(A)".

Conversely, suppose that for all AcS X, f(A) <€ f(Ad) and f(4A) <
(f(A))". Let B be a closed subset of X, then f(B) € f(B) = f(B), so

£(B) is closed in Y. Also, f(B) € (f(B)) = (f(B))", so f(B) is also
open. Therefore B is clopeninY.

Definition 9. A function f : X — Y is said to be totally open (resp. totally
semi-open, totally pre semi-open) if the image of every open (resp. open,
semi-open) set in X is clopen (resp. semi-clopen, semi-clopen) in Y.

The proof of the following theorem is obvious.

Theorem 6. A bijection f: X — Y is totally closed (resp. totally semi-
closed, semi-totally closed, totally pre semi-closed) if and only if it is
totally open (resp. totally semi-open, semi-totally open, totally pre semi-
open).

Theorem 7. If f: X — Y is a totally closed (resp. totally semi-closed,
semi-totally closed, totally pre semi-closed) bijection and X is a T, space
(resp. T, space, semi-T, space, semi-T,space) then Y is a T, space (resp.
semi- T, space, T,space, semi-T,space).

Proof. Let f: X — Y be a totally closed bijection and let x,y € Y be
distinct points, so  f~1(x) # f~!(y). Since X is a T,-space, there exist
disjoint open sets U and V such that f~*(x) € Uand f~1(y) € V. Since
f is a totally closed bijection and From Theorem 6, f(U),f(V) are
disjointopensetsand x € f(U),y € f(V).

Corollary 1. If f: X — Y is a totally closed (resp. totally semi-closed,
semi-totally closed, totally pre semi-closed) bijection and X is a T; space
(resp. T; space, semi-T;space, semi-T;space), i = 0,1 , then Y is a T; space
(resp. semi- T; space, T; space, semi-T;space).

Theorem 8. Let f : X — Y be a continuous injection, if f is totally closed
or semi-totally closed then X is a normal space.
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Proof. Let F; and F, be disjoint closed sets in X. If f is a totally closed (or
semi-totally closed) injection, then f(F;), f(F,) are disjoint clopen sets in
Yand F, = f7Y(f(F)), F, = f~Y(f(F,)). Since f is continuous, F; and
F, are open sets, hence the proof is complete.

Similarly, we can prove the following theorem.

Theorem 9. Let f : X — Y be an irresolute injection, if f is totally semi-
closed or totally pre semi-closed then X is an s-normal space.

Theorem 10. Let X be a T; space and f: X — Y Dbe a continuous
injection. If f is totally closed or semi-totally closed then X is also regular.

Proof. Let F be a closed setin X and x € F. Since X is a T, space, {x}is
closed in X. The rest of the proof is similar to that of Theorem 8.

Theorem 11. Let X be a T; space and f: X — Y be an irresolute
injection. If f is totally semi-closed or totally pre semi-closed then X is
also s-regular.
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