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Abstract

In this paper, we present an innovative idea of the harmonic functions. In
order to do this, we first present the most important theories related to
harmonic functions and put forward the idea of harmonic conjugate. We
also presented the concept of Green’s identity and Dirichlet problem. We
concluded that harmonic functions have many applications and can be used
in studying the disk and understanding the Dirichlet problem.

Keywords: harmonic functions, harmonic conjugate, Dirichlet problem.
1. Introduction

Harmonic functions are important in the areas of Mathematical physics,
applied mathematics, engineering, electricity and magnetism. Harmonic
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functions are used to solve problems involving fluid flow, constant
temperature, two-dimensional electricity, and to improve imaging accuracy.

Over the past ages, several ways discovered to prove a solution to the
Dirichlet problem of the Laplace equation. The set of citation proofs is
based on representations of the Green’s function in terms of a Bergman
kernel function or some equivalent linear parameter.

We will study how complex analysis can be used to solve problems related to
harmonic functions.

Definition

If H is a real function of two real variables, x and y are compatible in a
given domain of the xy level, H along that range contains continuous first
and second order partial derivatives, and satisfies the partial differential
equation

?u  9*u

+25=0 L)

Viu:=—
axz  9y?

Known as Laplace’s equation.
Remark

(i) Harmonic functions often arise when we study the issue of electrostatic
fields as well as gravity and thermal conductivity in the steady state,
incompressible fluid flows etc..

(if) Harmonic functions are technically similar to holomorphic functions. If
we take, for example, the function is a holomorphic function, let f =
u + w. It is a result of Cauchy-Riemann equations. Therefore, we find that
both u and v are harmonic. We call v harmonic conjugates of u, and the
f (x,y) function verifies that u is a harmonic conjugate to —v.

(iii) For the definition of harmonic functions, there is nothing very special
about considering only real valued functions. As in the above definition, we
could even allow complex valued functions. The complex function is
harmonic if its real part and imaginary part are harmonic. Thus, it is
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enough to treat only the real valued functions, in the study of harmonic
functions.

(iv) From the linearity of the differential operator V2, it follows that the set
of all harmonic functions on a domain forms a vector space. In particular
all linear functions ax + by are harmonic. However, it is not true that
product of two harmonic functions is harmonic. For example, xy is
harmonic but x?y?2is not.

(v) Harmonicity is quite a delicate property. If ¢ is a smooth real valued
function of a real variable and u is harmonic, then, in general, ¢ o u need
not be harmonic. Indeed, ¢ o u is harmonic for all harmonic u if ¢ is linear.
Likewise, if f: Q; — Q, is asmooth complex valued function of two real
variables then u o f need not be harmonic.

Example

Consider the function u: R> - R given by
u(x,y) = x3 - 3xy* — 2y

Show that u is harmonic on RZ.

Solution

We calculate the following partial derivatives of u:

du du

g 2 _ 2 -~ _
P 3x“ —3y~, 3 6xy — 2
And

Zu 2u

5;5-— 6x 5;;--—6x

Hence u is harmonic on R.

Theorem
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If a function f(z) = u(x,y) + iv(x,y) is analytic in a domain D, then its
component functions u and v are harmonic in D.

To prove this, we need a corollary in the following:
Corollary

If a function f(z) = u(x,y) +iv(x,y) is analytic at a point z = (x,y),
then the component functions u and v have continuous partial derivatives of
all orders at that point.

Let f is analytic in D. We apply the Cauchy—Riemann condition by finding
the first-order partial derivatives of the function in the all points of the
domain D.

= —v, (2)

Differentiating both, sides of these equations with respect to x, we have
Upy = Vs Uyy = Vg ®3)
Likewise, differentiation with respect to y yields

xy (4)

Now, that the partial derivatives of u and v are continuous, by theorem in
advanced calculus ensures that u,, = u,, and vy, = v,,. It then follows

xy:
from equations (3) and (4) that

u v u,, = —v

xy — Vyy yy

Uy + Uy, =0 And v, + vy, =0
That is, u and v are harmonic in D.
2. Harmonic Conjugate

Definition

Let u and v are harmonic functions that satisfy the Cauchy-Riemann
equations on some open set. In other words, the function f = u+iv is
analytic in open set. We call v the harmonic conjugate of u.
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This definition will lead us to ask the following question: Can we always
find the harmonic conjugate of the harmonic function u?

The answer of this question depends on the function u and its domain of
definition. For example, the function In|z| is harmonic in 2 = C\{0} but
In|z| has no harmonic conjugate in that region. However, have a harmonic
conjugate in €\ (—oo, 0], namely Argz.

Proposition

Suppose that u is harmonic on an open set Q, and that v is a harmonic
conjugate of u on Q). Then —u is a harmonic conjugate of v on Q.

Proof

We know that f = u + iv is analytic. It follows that the function (=i)f =
v — iu is analytic. Hence —u is a harmonic conjugate of v on 0.

Proposition
Suppose that u is a harmonic function in a region Q. Then

(i) If v; and v, are harmonic conjugates of u in Q, Therefore, we find that
v, differs from v, by means of a real constant.

(ii) If v is a harmonic conjugate of u then v is also a harmonic conjugate of
u + ¢ where c is a constant.

3. Green’s identity

Green’s ldentity is a very important tool in solving harmonic functions and
Laplace’s equation. This identity is derived from the divergence theorem, so
we will first present the divergence theorem.

Theorem Divergence theorem in R *-Greens

Suppose that Q be a bounded domain with €* boundary dQ in R™. Then for
any vector field w € C! () we have

Jo diviw)dV = [ w.vds
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Where ds is the area element in dQ and v the unit outward normal vector
to 9Q.

Theorem Green’s identity

Suppose that Q be a bounded subset of R™ with smooth boundary 9q.
Suppose that u and v are €2- functions on a neighborhood of Q. Then Q ,
be a bounded subset of R ™ with smooth boundary 8Q. Let u and v are C?-
functions on a neighborhood of . Then

J ,(uAv — vAw)dV = [, (uD,v — vD,u)ds
Theorem

Suppose that y to be a simple closed path with positive direction. Let D is
the inside region of y.take P(x,y) and Q(x,y) with their first-order partial
derivatives side by side are real and continuous functions of D = D U y.
then

_ 9¢ _or
fy Pdx +Qdy = [[, (ax ay) dxdy.

We note that the integral on the right side is a double integral over area D,
so that the left side is simplified and more understood. Parameterize y by
x =x(t)and y = y(t), where a < t < b. Then we integrate the left side, we
get

12 (P(x@®,y®)x' ® + Q(x(), y®)y' @) dt.
4. Dirichlet problem

Suppose that Q be a bounded domain in R*(n > 2), let u be a continuous
real-valued function on its boundary dQ. The classical Dirichlet problem
consists in the determination of a harmonic function u on Q which can be
continuously extended into dQ by u. We note that the Dirichlet problem is a
problem of the Laplace equation on the boundary.

Let v is a given continuous function on the boundary a4 of a domain
Q1 < R™ The Dirichlet problem is to extend v (which is only defined on the
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boundary aQ of Q) to a function u defined inside the domain Q, such that
() Au = 0inQ (i.e. u is harmonic).

(i) u = v On dQ (more precisely for all y € aQ we want u(x) — v(y) as
x - ywherex € Q).

The Poisson kernel is very important in the Dirichlet problem.

The solution to a Dirichlet problem is always in spheres with homogeneous
boundaries, for example a disk or a sphere.

We will now present the following Dirichlet problem:
Suppose that Q be an open and bounded subset of R™

{—Auzf xeEQCR" 6
u=g x € dQ) (6)

We will first introduce Green’s function because we will use it to solve the
Dirichlet problem.

Consider the following problem:

{—AyG(x, y) =90, yEQ @

G(x,y) =0 y € 99

The first aim is to get as G so we have
ux) = [, s,u(y)dy
=— [, A,G(x,y)u(y)dy

= — [, (7,6(x. ), V,u)dy — [, 2 (x,y)u@)dsy)

— [, 6y, A u()dy + [,) 6(x,y) = MdS®) - [, 2 (x,y)u@)dS()

= J, GEVfOdy - [, > (x,y)g(»)dSy)

Where we have used —Au = finQ,u = gonadQ, and G(x,y) = 0 on 9.
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Here v is the outer unit normal to (.
We know that

_Ay‘P(y) = &
_Ay‘P(x -y) =8,
Where, ¢ is a solution of the Laplace equation.

—ilnlxl n=2
p(x) = 1

n(n—2)a(n)|x|n2

n=>3

We note that ¢ (x — y) does not satisfy the given boundary conditions, but
it can still be used to help find a solution integrating.

Proposition

Let u and v be harmonic on an open set S, and a, b are real constants. We
note that the function au + bv is harmonic on S.

Proposition Dirichlet Problem on a Disk

The solution of the Dirichlet problem on the disk |z| < R with boundary
condition

f(8) = aq + X3-1(a, cos(nB) + b, sin(nh)) (8)
Is
u(re®) =ay,+3YV_, (g)n (a,, cos(n@) + b, sin(nh)), r<R (9)
Proof
For|z| < R, write z = re® = r(cos0 + isin®), the function
f(z) = z" = r"*(cos(nB) + isin(nh))
Is analytic on the disk |z|] < R.

We conclude from this that the real part is harmonic as well as the
Imaginary part is also harmonic, and this leads us to
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1,7cos 0,12 cos(20),...,rsin 0 ,1* sin(20),... are harmonic in the
variable re*®on the disk Bg(0).

We know that if u and v are harmonic on an open set S, and a, b are real
constants. Then the function au + bv is harmonic on S. it leads us to the
fact that the linear combinations of these functions are also harmonic on the
unit disk, and so (9) is harmonic. Setting r = R in (9), we see that
u(Re®) = £(0) where f is as in (8). Hence (9) is the solution of the Dirichlet
problem with boundary data (8)

u(r,0)=r3cos 30

u(r, 9)=r’cos26 .

Figl The saddle-shaped graphs of the harmonic functions rcos@, r?cos26,
2 cos30, r* cos40, respectively.

Each term in the finite sum (9) is a constant multiple of the harmonic
functions 1,7cos 6 ,r*cos(20),...,rsin 0 ,r*sin(260),.... an exception to
this is the static function1 . Note that the graphs of these functions over the
disk |z| < R are saddle- shaped; see Figure 1.

5. Conclusions and Recommendations

We concluded that harmonic functions are of great importance and have
many important applications.

We recommend studying the solution of Dirichlet problems using the
theorems of the Poisson integral equation and Fourier series, because it
gives a development to the theory of harmonic functions and is more
general, and we recommend studying the applications of harmonic
functions.
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